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Abstract—This work is concerned with stress singularities at the apex of both symmetric and
antisymmetric N-layered composite laminate wedges, using classical lamination theory. The
symmetric bending case is governed by a single differential equation, while the antisymmetric case,
in which bending and in-plane extension do not occur independently, involves three coupled
differential equations. In each case, the governing differential equation(s) have non-constant
coefficients which depend on the polar coordinate 6. These do not, in general, have closed-form
solutions and numerical techniques must be employed. Finite difference schemes are used here.
Results are presented for symmetric and antisymmetric configurations of graphite/epoxy
(T-300/5208) angle-ply wedges.

1. INTRODUCTION

Because of their attractive strength—and stiffness-to-weight ratios, many aspects of
composite media have recently been the focus of intense investigations. In pioneering
works on stress singularities, Williams[1, 2] investigated the bending and in-plane exten-
sion of homogeneous, isotropic, elastic sector plates, subjected to various homogeneous
boundary conditions. Chapkis and Williams{3] and Delale et al.[4] extended this type of
analysis to polarly orthotropic media. Later, Dempsey and Sinclair[5], considering a linear,
homogeneous elastic wedge, investigated the conditions necessary for the existence of a
“Williams-type” singularity. Their analysis showed that for certain non-homogeneous
boundary conditions, logarithmic singularities arise in addition to the Williams type. A
certain pathological case was subsequently removed by Dempsey[6]. Such studies were
further extended by Dempsey and Sinclair[7] to a bi-material wedge, thereby amplifying
original work of Hein and Erdogan[8] in this area. In[9], Ting and Chou studied the wedge
problem using linear anisotropic elasticity. They presented general methods, but no specific
results were given. In view of this and the fact that it is not clear how their technique could
be generalized to N-layered structures such as the one at hand, it was not pursued further.

The current work is concerned with one facet of the behavior of layered, sector plates
subject to various homogeneous boundary conditions. Specifically, the behavior of the
stress field in the vicinity of the apex of a wedge-shaped layered plate is sought . ... the
individual layers consisting of unidirectional, fiber reinforced laminae. In contrast to
previous work involving polarly orthotropic media, the more realistic case of angle-ply
laminates leads to considerable complications. A system of ordinary differential equations
with non-constant coefficients ultimately arises for which no closed form solution exists.
A numerical approach using finite differences is employed. Results are presented for
symmetric and antisymmetric configurations of graphite epoxy (T-300/5208) angle-ply
wedges.

2. THEORETICAL DEVELOPMENTS
The laminate treated is a sector plate made of N perfectly bonded, fiber reinforced
layers with alternating ply angles. Classical plate lamination theory is employed in the
sense that normals to the laminate’s midsurface are assumed to remain normal. This “plane
sections remain plane” assumption is felt to be adequate for the very thin layers that
usually arise in practice. It is interesting to note that Ojikutu in[10] attempted to assess
the accuracy of this using a theory which allowed each layer to have different rotations.

1Present address: Lecturer, Mathematics Department, University of Sokoto, Nigeria.
$Deceased.
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A

Fig. 1. Geometry.

However the attempt failed in that the resulting theory did not admit “Williams-type”
solutions. The displacement components are (see Fig. 1).

ow
u=u0’—z_a—r0, (1)

z Ow,
v=v0_;709’ (2)
W= W, (3)

where u(r, 8), vy(r, 6), and wy(r, 8) are the displacement components of a point on the
midsurface in the radial, tangential, and transverse directions, respectively. The pertinent
strain displacement relations are then given by

ouy 0w,
“= % i @
_1any, | u 10w, 1 8%w,
“=lty (;3;' 70 ) %)
_10uy v, v, 1 dw, 13*w,
LT + or r +22<r2 80 rordd ) ©

The stress-strain relations in polar coordinates are needed. In[10] it is shown that

s®)  [0F OF OF)\ (¥
o) = (é ® 08 OR|{e} @)
W) \O® 0% 0%/ 1v¥
where
0% = 0Wc* + 40 s + 208 + 40 c*s* + 40 es* + 0F) s, ®)
0 = 0Wc — 200 — 208 c%s + (OF + 0F — 40¥) c*s* + 20K — 20R) s’ + Gs°,

®
OR = 0Wc* — (O — 0% —20¥)c’s — (301 — 30R) s’
— [0 - 08 +20@)cs’ — 0Rs*, (10)
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0f = 0Yc* —40% s + 201 + 40¥)c’s* ~ 40% cs® + O s*, (1)
0f = 0%c* - (08 — 0 + 20 c’s + [30% - 30W] s’

~[Of - 01 - 20%]cs® — OPs*, (12)
0¥ =08c* 200 - 20¥)c’s +(0F + 0% — 20% — 20¥)] c*s*

+2(0% — 20W)es* + 08 s*. (13)

Here ¢ and s stands for cos 8 and sin 6, respectively. The transformed stiffness g, are relat-
ed to the reduced stiffnesses Q; via the fiber angle 6,. A typical one of these relations is

0P = 0, sin* 8, + 2(Q,, + 2Q¢s) sin? 8, cos? 6, + Q,, cos* 6, (14)

The others are similar and may be found in Jones ([11], p. 51).
The principle of virtual work states that, for zero body forces,

J’ T,6u;dS =J. od¢; dV. (15)
§ v

Since the plate consists of N layers, the kth being bounded by: z,_, <z < z,, (15) leads
to, on using (4)~(7)

« fry N 2 (k) 62 2.‘(&) 62
*)
I.[ {kzj . ["’ a3 o)+ 2 2 w0+ B o 6w

g.® 9 (k)
+-—’—-——(5w°) 2 % (6wo)] }rdr do

. o® 8 ) ® 9
j J { f [a @ () + 2 G + T+ 2 (6uo)+r‘*>— o)
kml J2p

k) a f*r,
—E-r'i&vg]dz}rdr d0+J joqéwordr dé + W, =0, (16)
0 Jr

where « is the sector angle, r;, r, are the inner and outer radii, respectively, of the plate
(r; is ultimately set = 0), g(r, @) is the lateral loading, and éW, is the virtual work done
by the boundary tractions. In the applications to be considered here, the boundary
conditions are such that 6W, is zero. Other types of boundry conditions are treated in[10].
Stress resultants are introduced by using the same terminology as in Jones[11}:

N 2
(Nn Na, NIO) = z J. : (ar(k), aﬂ(k), t%)) dz’ (17)
k=1 Jz
N 2
M. Mo M)=Y | (0%, 0%, %)zdz. (8)
k=1 Jz

Then (16) gives, after several integrations by parts:

M, M, 10°M, _OM, 20M, OM,
JI [ R I Y +’q]"”’°d’da

aN aN" L3 rg an aNa
+¢0J'r, [ ar + 50 +N,- No]éuodrd9+J;J"l [r—‘-’-r—'i'?é-‘f-z]v,.]évodrdo

+ * [rN,ﬁuo + rN v+ rV, 0wy — rM,6 (6wo)] de

JO i

fr

+ [N,,&uo+N,6va+ Vodwo — M,a(' aw“)] dr, (19)
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where

_aM, gaM,g M,"‘Mg

V
T Y@ T 0
_ L OM, 10M, 2
Vo=2=  +1%g T Me
Hence we have the differential equations:
ON, 10Ng N,— Ny
v T @
ONy 10N, 2N,
e Ty oo (22

M, 20°M, | 0°M, 20M, 23M, 10M,
7 i ol TR trar trae rar 7970 (23)

Appropriate homogeneous boundary conditions can be deduced from the boundary
terms in (19). There are four types of simply-supported edges and four types of clamped
edges (see Chia[12]). The only one pursued here is that simply supported case in which
the support is free to move in the plane of the plate. In this case:

W0=0, N9=0, N,g=0, M9=0 on 9=0, o. (24)

Using (4(7), (17) and (18), and (21)~(23), displacement equations can be obtained. In
these, seeking “Williams-type™ singularities, one sets

uy=r'F\(0,4), v,=r'F8,2), wy=r"""F(8,4). (25)
One finally obtains

CF} +[CoA + CJF1 + [ClA(A — 1) + Cid + CJF, + CoF3 + [Ced + Cy)F;
+[CA(A = 1)+ Ciod + ClFy + G F3 + [Cis(A + 1) + Cyo}F3
+[Ce(A + DA+ Cig(A + 1)+ CyIF; +[Cis(A + DA(A = 1)+ Cpp(4 + 1)A
+ Cy(A + D)F3 =0, (26)
CouF| + [Cph + CogFi + [CpA(A — 1) + Cys& + CylFy + CoF3 + [Cyed + Cyl 3
+[Cyud(A ~ 1)+ Cyd + Cu)Fy + CFy + [CagA + 1) + CylF5 + [Cs(A + 1)A

+ Cyo(A + 1)+ ColF3 + [Cau(d + DA — 1) + Cyg(4 + DA + Cy(4 + 1)}F; =0,
@n

CaFt + [Co(A + 1)+ CJFy + [Cos(A + DA + Csp(d + 1) + Col)Fy + [Cu(d + DAA - 1)
+ Coo(A + DA+ Cs(A + 1) + Cg)F3 + [Ci(A + DAL = 1) (4 = 2)
+ C(d 4+ DA — 1)+ Ce(A + 1A + Cs(A + DJF, + CooF 7' + [Cpd + Ce)FY
+[Ced(A — 1)+ Cd + ClF1 + [Csd(A — 1)(A ~2)
+ CyA(A — 1)+ Cod + CeelF; + CuFy + [Cooh + Cpp)F3 + [Cud (A — 1) + Crd
+ CoslF3+ [Cad(A — 1)(A = 2) + Cd(A — 1) + Crid + G} Fy = 0. (28)

The C(@) in (26)~(28) are given by

dA,

Ci=A,, C=244 Ci=Aq C4=/in+—a§_,
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dA dA, - .
CS__da‘g! C6—"d_026—A22’ C7_Al6’
. dde -
Ci=Ap+ Ay, Co=Ay Cyp= _d‘Gﬁ ~ Ay,
dd, .~ - . d4,
C11=_d'93é — Ap— A Cip= 4y d066’

Ceo=—By, Cy=-8, ddi;‘,
C|,=2§,6+Eu—2§§§, Cy=B,+B,+ 23.,-‘-‘5",
dé de
Co= 32—9(%, Cy=—2B,,— By +2d$“
Cp=Aiy, Cun=Ap+Ag Cu= Ay
{ dAy

d4,
Cos =24, + Ay + =22

Czo—Azz+Aee+

de’ de’
. d4 - R
Cz-, = A” ‘+ —d_eu, Cu = A“, C29 = 2A26’
Coo=Ap, Cy=4 +d‘4" C _ 34y
30 22> 31 66 de 32— de ’
. dA R R R
C” = - A“ - 'd_oug C34 = - Blb’ C” = — BIZ ad 2866’
Cy=— 3526, Cy=- Ezz, Cp=~— 2§l6 - éze - SEB,
dé
dB . dB
=—B,-2-= = it
0 o= Bu—gg
. dB dB
Cy=—By——2 =22
4] Bzﬂ do s C‘Z 2 dG
Cu = Dm Cu= 4ﬁl6’ Cis= 2ﬁ|2 + 4ﬁw,
C46=4ﬁ16’ C47=5H) C“=215“+29'dé'01'6',
db db db
Cue = 12 4% = _ 26
9 2— d0 TR Cso ZDu 4D“+6 a6’
db. db db,, db
C. = —4aDb ot = — 16 26 12
s wt2ggr Cu=—Dp+2-gn +2557 +—0or

Cy=4Ds+ 4Dy + 2

dﬁn dﬁss +2 d*Dy

dé d6

dg?”’
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dﬁzs dzﬁzz

C“=2DA|2+2DA22+4DA66_ d0 +'?d“0"2—,

. dD < « dD d*b
CSS—D22+—E§—223, Cye = —“Dm"41)26‘*'4—&02 —2-35523,
Cs7= “‘én, Cy= —33169 Cs9= —§,2~2§“,

. - dB
Cy = — By, =-28,-2=X
) 26 Cei 2B Tk
A dB dB
Co= “[23"‘*3"*2'5}2 +2-592],
R dB; . dB, .dB, d%B,
Cy= —By—2—= =8, - - -
s 2=27g Cu=Bn—277 -2 de’
. dB,, d'B d2B.
Co==Bu-275 g Cu=—Ba="o"
Co=— Em, Ce=— ﬁnz - 2§“s Co=~ 3526,
. .. dB
Co=—By, C= "B|6+Bze"2"—“,
de

R dB . da
Cp= 322“4’d—92§a Cp= 326—2T02—2,

. dB - dB,, dB
Cu= —Bze—ié‘;fa Cis=—By 2"&": _m_zz_z,
. dB
Cie= By —ae—i", (29)
In (29),
~ - - N 2y
(4, By, D)= kEl QUJ (1, z,z% dz, (30)
- -

are, respectively, the extensional, coupling and bending stiffness.
Using (17), (18), (24) and (25), the boundary conditions for the problem are that on
6 =0 and on @ = ¢, the following must hold:
F;=0, (3N
AxF; + (Adyy + Ap)F, + ApFi + (A — D AyF,
— ByyFy — 24B,Fy — (A + 1)(B), + Bp)F, = 0, (32)
AF1 + (A + A)F, + AyFs + (A — DAGF,
— By F} — 24ByF; — (A + 1)Y(ABys + By)F; =0, (33)
By F + (AB,,+ Bo)F, + By, Fy+ (A — 1)ByF,
— DypF} = 20Dy Fy — (A + 1)(AD,; + D) Fy = 0. (34)

Clearly, an analytic solution is not feasible so numerical techniques must be empioyed.
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3. NUMERICAL PROCEDURE
The first case to be considered is the symmetric one. This occurs when N is odd and

Ze1=2Zy_sep k=1,2,...,(N + 1)/2. It follows from (30) that in this case all the B, are
zero. Then there is no coupling between bending and extension. Henceforth we consider
bending only. Equations (28), (31) and (34) then reduce to
CaF3" + [Cu(A + 1) + Cy)F3 + [Cus(4 + DA + Coo(4 + 1) + CuJF3
+[Cu(A + DAL = 1)+ Co(A + DA + Ci5(A + 1) + Cy]Fy
+[Cu(A + DAA = 1)A —=2)+ Cg(A + DA(A = 1)+ Ci(A + 1)A
4+ Cis(A + DN)F;=0 7 35

and

£=0, . 9=0,0
DoF? + 2D, AF; + (A + 1)(Dyd + Dp)F, = 0 ’

or, equivalently,

Fy=0 =
521F','+2ﬁu}.F§=0}0 =0, a. (36)

The first step in the numerical procedure is the use of the central difference scheme.
The sector angle « is subdivided into n + 1 parts with 6, =0 and 6,,, = «. Using the
notation f; = F3(6,), k = 1,2,...n, the scheme gives for the » “inside” points:

Nfco2+ Naofioir + Nofi+ Nofiyr + Nsfiey 2 =0, 37
in which
Ni=N0,4), j=1,...,5,
where
N6, A) = 2C(8,) — [(A + 1)C(8,) + C51 (814, (38)

Ny(6, 4) = —8Cy(6) + 2[(A + 1)Co(6i) + Cs, (81

+2{AQ4 + DCys(0) + (A + 1)Cyi(6,) + Csu(8W? — [A(A2 — 1)Cu(8y)

+A(4 + 1)Cy(6,) + (4 + 1)Csx(8,) + Co(6))4°, (39)
Ny(B,, 1) = 12C(8,) — HA(A + 1)Cis(81) + (A + 1)Cyi(8,)

+ Cs(80)h* + 2{A(A* — INA — 2)Cis(0) + A(A = 1)Cu(8)

+4(4 + 1)Csy(6,) + (4 + DCss(6))*, (40)
N6y, A) = —8Cy(6) — 2{(A + 1)Ce(60) + C5y(6))R

+ 2[4 + 1)Cys(8) + (A + 1)Csi(6) + Csu(8)18% + [A(A* — 1)Cuu(6)

+ (4 + 1)C(6) + (A + 1)Csx(6,) + Cs(0)1° 41)
Ny, 1) = 2C(0:) + [(A + 1)Cos(6i) + Csy (61, 42)

and A is the step size employed in the difference scheme.

tNot to be confused with the fiber angle.
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Equation (37) is a system of n equations in n + 4 unknowns f_,, fi. /., . . . S SoevsSnsa
The boundary conditions give

fO = 0: j;-i»l = 01
(D — ﬁzsih Mo+ (ﬁzz + ﬁzezh)ﬁ =0, (ﬁzz - DA262'h)j;u + (ﬁzz - ﬁze”‘)f:. +2=0. (43)

For any n, (37) and (43) may be written

S
A
(A =0, (44)
I
Josa

where [4(4)] is an n + 2 square matrix. For nontrivial solutions { £},
det(A(A))=0. (45)

To get some idea as to how large n should be in the computations, the bending of an
isotropic plate with simply-supported edges at § =0 and § = a was first considered (see
{10] for details). The degree of accuracy of the central difference scheme for n = 6, 12 and
30 is then tested.

The value of det(4 (1)) is computed for each of a relatively widely spaced sequence of
A values, starting with 4 = 0. For each 4, det(4(4)) is obtained by first performing an
LU-decomposition on A(4) via the use of Scientific Subroutine program (NAAS:NAL’s
CDLUD subroutine (see [13])) and evaluation of the product of the diagonal elements.
When a sign change in det(4 (1)) is detected in an interval, finer subdivisions of this interval
locates a “smallest” absolute value of det(4(4)). When det(4(4)) £ 10~ approx., A will
have been determined to 5 significant digits.

As shown in Table 1, values of n =6, 12 and 30 give the desired root to within 15%,
4.5%, and 0.8%, respectively for sector angles o up to 170°.

Using these procedures with n =24,1 results were obtained for a graphite/epoxy
T-300/5208 angle-ply wedge of thickness 2 mm consisting of 7 layers of equal thickness.
Shown in Figs. 2 and 3 are values of minimum Re A for various sector angles « and fiber
angles [0,/ —8,), 6, = 15°, 30°,...,90°

Inspection of these Figures shows that, as the fiber angle ; increases, so does the sector
angle « at which singular stresses begin to appear. ... the ranges being:

By 15° 30° 45° 60° 75° 90°
a: 63° 73° 77° 83° 84° 85°.

The Figures also show that for sector angles in the range 90°-95°, the “strength” of the
stress singularity is about the same for all fiber angles considered. . .. its i-value being in
the range 0.6-0.7.

Antisymmetric laminates will now be considered. In (26)-(28) let Fy(8), Fy(@), F(0)
have the functional values f,, g, P, in that order, at the n “inside points” 6,k =1,2,...,n.
Then one gets

(M) fio i + (M) fi + (M) fiy 1 + (MOgic + (M) gi + (Mg -
+ (M)pi_ + (My)p_ + (Mo)py + (My)p o1 + (Mp)Pis2 =0, (46)
+Similar to the isotropic case, the values n = 12, 18, 24 and 30 were tested in computations for the largest

sector angle. Since no significant deviation was noted between n = 24 and n =30, it was more economical to
obtain general results with the former.
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Table 1. Minimum Re 4 values for isotropic bending

Williaw's
a (*) Solution =6 s 12 n = 30
20 8.00000 7.92502 7.97833 7.99760
40 3.50000 3.46023 3.48%00 3.49861
60 2.00000 1.97274 1.99275 1.99880
30 1.25000 1.23116 1.24450 1, 24905
g0 1.00000 0.98326 0.99525 0.99917
100 0.80000 0,78493 0.79550 0.79923
110 0.63636 0.62266 0.63250 0.63566
120 0.50000 0.48744 0.49625 0.49937
130 0.38462 0.37302 0.38117 0.38403
140 0,28571 0.27495 0.28267 0.28517
150 0.20000 0.18995 0.19713 0.19948
160 0.12500 0.11558 0.12233 0.12453
170 0.05882 0.04996 0.05617 0.05838
180 ] 0.01557 0,00245 0.00043
Min Re A
1.8
1.6
(4gp/-45F )
14
1.2 1
1.0
C.81
061
0.4
0.2 4
€0° & TO* @ We B RO

Fig. 2. Symmetric bending (8, = 15° 30°, 45°): minimum Re 1 vs sector « curves.

785
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—

1.0

Qs

061

04

G2

Fig. 3. Symmetric bending (8, = 60°, 75°, 90°): minimum Re 4 vs sector angle a curves.

(M) fuor+ (M) fi + (M) feir + (M) + (Mie)gi + (M) 41

+ (M) pi— 2+ (Mg)ps 1 + (Ma)pe + (My)ps s + (Mp)Pi 2 =0, 47
and
(M) fu—2 4 (Ma)) fi o1 + (Mas) fie + (M) fi w1t + (M) S
+ (Myg)gy 2 + (Mx)gy _\ + (Mo)gx + (M3)gx 11 + (M32)8k 2
+ (My)pi— 2 + (Ma)p 1 + (Ms5)pe + (Mag)pic o + (M3)pi 2 =0, (48)
where

M, =2Ch — [Coh + CJR:, M,= —4Ch +2[CiA(A — 1)+ CA + CJi’
My =2Ch +[Cih + Cdh?, M =2Ch — [Ced + Cy Jh?

M= —4Coh + 2[{CA(A — 1)+ Ciod + Cilh*

My=2Coh +[Ced + Cylh*, My= —Cy

My=2C )i+ 2[Cis(A + 1) + Ciglh = [CLA + DA + Ciy(d + 1) + CyJ4?
My= —4[Ci(A + 1)+ Ciolh + 2[Ci3(A + DAA — 1) + Cir(A + DA + Cx(4 + DIF°
M= —2C;s+ 2[Cis(A + 1) + Ciglh + [Cig(d + 1A + Cy(X + 1) + Cy )i’
My =Ci, Mp=2Cuh —[Cph + Cylh?

M= —4Cuh + Cpd(d — 1) + Cysd + Cli’

M, =2Cuh +[Cph + Cydh?, M5 =2Cyh — [Cpi + Cylh?

My = —4Cyh + 2[Cyh(A — 1) + Cyd + Gy’
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My =2Ch +[Coh + Cplh?, M= —Cy
Mg =2Cy; + 2{Cs(A + 1) + Cylh — [Cos(2 + DA + Cyo(4 + 1) + Clh?
My = —4[Cy(A + 1) + Clh + 2Cs(A + DA — 1) + Cye(A + 1A + Cy(4 + D’
My = —2C;+ 2Ci(A + 1)+ Colh + [Cos(A + DA + Coo(A + 1) + Cp}h?, My =Cy
My = —Cgyh, My =2Cuh +2Cyd + Ce}h* — [Cud(A — 1) + Cid + Cslit®
My = —4[Cyl + Clh? + 2[Crd (A — 1)(A = 2) + CyA(A — 1) + Coid + Cllh*
My = —2Cuh + 2[Cph + Ceplh? + [Cd (A — 1) + Cd + Cilh®
My=Cgh, My=—Cyh
My =2Cwh + 2[Cyd + Crilh? ~ [Cgd(2 — 1) + Cpd + CyiJi’
My = —4[Cyh + CpJh? + 2dCxA(A — 1)A — 2) + CpA(A = 1) + Cyid + Cogh*
My = —2Cuh +2[Ced + Crlh? + [Cyd (A — 1) + Crpd + Cyslh?
My =Cuh, My=2C,—[Cy(d + 1)+ Cylh
My = —8Cy+ 2CulA + 1)+ Cyylh + 2[Cis(A + 1)A + Cy(A + 1) + C)h?

—[Cu(A + DA = 1)+ C(A + DA + Cy(A + 1) + Cyli®
M= 12CH — 4Ci(A + 1A + Co(A + 1)+ CoJh? + 2[Cy(A + DAA — 1)(4 —2)

+ Ca(A + DAA = 1)+ Co(A + DA + Cy(A + D)*
My = —8Cpy ~ Cu(A + 1)+ Cylh + 2[Cis(A + DA + Cy(4 + 1) + CyJA?

+[Ca(A + DA ~ D)+ C(A + DA + Cy5(4 + 1) + CyJh®
My =2Cq + [C(d + 1)+ Cy )i
Note that M;= M;(6,,4) for j=1,2,...,37 and k =1,2,...,n Equations (46)~(48)

constitute a system of 3n equations in 3n + 12 unknowns: f_,,fo. /i, . - s Ses Sas 1o Sp 42}

Buts 80 8is: -3 8mEat1:8n+ D and PovsPosPys s Do Pasrs Pasze
Boundary conditions for simply-supported edges at 6 =0,« are given by, using

(31)>-(39)

Po=0, ppy=0 (49),(50)

— (Boh)f -1 + [2Byd + Bk} fo + (Bysh)f;

~ (Buh)g-, + [2B,(A — DA%, + (Byh)g,

= 2Dy - 2Dydh)p_; — 2Dy, + 2D, Ah)p, = 0, (5D
— (Buh)fs + [2(Bosd + B W) £ + (Boh )2

= (Buh)gu + 2B35(h — Dh¥lg, o, + (Brh)g, .,

~ (2D ~ 2Dy Ah)p, — (2D + 2DpsAh as2=0, (52)
— (Ah)f-1 + [2daA + AR £y + (Ah)fs

— (Aah)g_, + [24(d — Dh%g, + (Agh)g,

— 2By - 2B, h)p.. — (2B, + 2B, Ah)p, =0, (53)
— (Ao + (M Agd + AR f, o1 + (Ash) 2

= (Agh)g, + [2Aes(d — Dh71g, 41 + (Ah)gas 2

— (2B — 2By Ah)p, — (2B, + 2B, h)p, ., = 0, (54)
— (Ah)f -1 + [2A Ay (A — DR fy+ (Auh)S,

— (Anh)g_, + 244 — DhIgy + (Aph)g,

— (2B, — 2By h)p_, — (2B, + 2B, dh)p, = 0, (5%
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— (Ah)f, + [2(AnA + AhY f, 41 + (Ash)f, 1
— (Axh)g, + [245(2 — DAYg, . + (Ah)g, .,
— (2B, - 2B,k P, — 2By + 2B,iAh Wai2=0, (56)

where (49) and (50) were used in writing (51)-(56). Noting (49) and (50), eqns (46)-(48)
and (51)-(56) now constitute a system of 3n + 6 equations in 3n + 10 unknowns
f—hﬁbfl! e ’.f;n f;u-f-l’fn+2; 8-108081---28n 8n+1:8n425 and PoisPis- - s Pny Pns2 for a
given n. In contrast with the symmetric problem, there are more unknowns than
equations.} Presumably there are several ways to reduce the number of unknowns from
3n+10 to 3n+6. The procedure adopted here only involves changes in the finite
difference approximations used for some of the derivatives of the functions F,(8)-and F,(8)
at some of the mesh points.

In the differential equation (28) at the first “inside” point 6,, the previously used central
difference approximation for the third derivatives: Fi’(8) and F3'(8) is replaced by the
forward difference approximation for the first derivative of the second derivatives. The
second derivatives themselves are approximated by the central difference scheme.

Similarly, at the last “inside” point 8,, we use the backward difference approximation
for the first derivative of the second derivatives.

No other changes are made in the finite difference treatment of any of the differential
equations (26)(28). In particular, this means that the central difference scheme is used to
approximate all derivatives of F;(f) at all the inside points 6,; k =1,2,...,n.

In the boundary conditions (which are only written at the *“end” points: §, (=0) and
0,.,,(=a)), the first derivatives: F;(#) and F}(6) are approximated by forward differences
at 8, and by backward differences at 6,,,. No other changes are made in the finite
difference treatment of the boundary conditions, so that all derivatives of Fy(0) are
approximated by central differences. The above modifications eliminate f_,, f, . 5, g_;, and
8.+ as unknowns, with the result that modifications occur in the finite difference versions
of some of the differential equations and boundary conditions.

In (28) the equations at 8, and 6, are now replaced by

(My)fo + (M) fy + (M) fy + (Mp)fy + (M)go + (My)g, + (My)g, + (My)g;

+ (M3)p_, + (Mis)p, + (Mse)p, + (My)ps = 0, (57)
and
MEV o2+ (MEYfoo 1 + (M), + (M3, 41
+(M‘:8)gn—2+(M;9)gn—l+(M;O)gn+(M;l)gn+l
+ (M33)Dn_ 2+ (M3)p,_1 + (Mys)p, + (M33)pn, 2 =0, (58)
where
My, = My~ 4Coh, Mys= M5+ 6Cyh, M= My — 4Coh
My =2My, My = My — 4Cyoh, Mso=M30+6C7oh
AZ;.=M;1—4C-,0h, M32=2M32’
and

h=2M,;, M;4=M24+4th, M;5=M25—6C6oh
M3 =My +4Cuh, MB= My, M3 = My +4Cyh
3= My —6Cyxh, M3 =My +4Cyh.

This situation will also arise in the symmetric problem if a free-edge boundary condition is prescribed on
either or both of: # = 0 and 4 = a.
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Fig. 4. Antisymmetric problem (6, = 15°): minimum Re 1 vs sector angle & curve.

Boundary conditions (51)—(56) now read
[(BuA + Bp)h? — Bohlfy + (Byh)f, + [Bog(A — Dh? — Bhge + (Buh)g,

— (DB~ Dayghh)p_., — (Do + Doghht)p, = 0. (59)
— (Byh)f, + [Buh + (Bud + B)h?f, . — (Bih)g, + [Buh + By(A — D)hg, .,

— (D — DyAh)p, — (D + Dodh)p, 2 =0, (60)
[(AaA ‘j’ jsz)f’z — Aghlfy 't (j“f)ﬁ + [Ae(A — DA = (Ah)lge + (Agh)g,

— (Bgz — BesAh)p_, — (B + BeAh)p, = 0, (61)
- (’;66{1)./;: +A["i«,h + (’i\sil + Ay 11— (Aah)g, + [Ah + Aw(A — hYg, .,

— (B — Bydh)p, — (Bgy + BeAh)pas2 =0, (62)
(4214 'f /;zz)f'z - (fi‘zoh)]fﬁ”‘i‘ (jth)fn + [Ay(A — Dh? — (Ah)]g, + (Azh)g,

— (Byy — ByAh)p_; — (B + Bydh)p, =0, (63)

and

- (izoh)f: + [Ayh + (AyA + AR)h f11 — (Ah)g, + [Anh + Ay(A — Dh%g,
~ (By — ByAb)p, ~ (Byy + Bydh)p, ., = 0. (64)

Equations (46), (47), (56), (48) (with k =2,3,...,n — 1), (57)(64) now constitute a
system of 3n + 6 equations in 3 + 6 unknowns f,f,,...,f . fist 80815+ s 8us &nsts

and P-vsPrs- - sPnps Pra2- Hence
{r}
[4A))1 {g}} =0. (65)
{r}
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For non-trivial solutions for {f}, {g} and {p}

det([A(A)]) = 0. (66)

Equation (66) dectermines the singularity parameter A.

For a given n, the number of matrix elements in the antisymmetric case is nine times
that of the symmetric case. Obtaining 4 in the antisymmetric case was found to be about
five times as expensive as the symmetric case,

Using the methods described above with n =18, results were obtained for a
graphite/epoxy T-300/5208 angle-ply wedge of thickenss 2 mm, consisting of eight layers
of equal thickness. Shown in Fig. 4 are the values of min Re 4 for various sector angles
a and lay-up [15°/—15°]. Here, singular stresses start to appear at sector angle 73°. This
is a greater sector angle compared to the corresponding symmetric case.

Fiber angles other than the [15°/— 15°] case were not considered in view of expense.
However, we do believe that the feasibility of the method has been demonstrated.
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